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Abstract. We study the set of T-periodic solutions of a class of T-periodically 
perturbed Differential-Algebraic Equations, allowing the perturbation to con- 
tain a distributed and possibly infinite delay. Under suitable assumptions, the 
perturbed equations are equivalent to Retarded Functional (Ordinary) Differ- 
ential Equations on a manifold. Our study is based on known results about 
the latter class of equations and on a "reduction" formula for the degree of a 
tangent vector field to implicitly defined diffcrcntiable manifolds. 



1. Introduction 

This paper is devoted to the study of some properties of the set of harmonic solu- 
tions to retarded functional periodic perturbations of Differential- Algebraic Equa- 
tions (DAEs) of a particular type. The results we obtain are mainly related, on one 
hand, with those of [8] concerning the method used to deal with distributed and 
possibly infinite delay and, on the other hand, with [5, 17] as regards the treatment 
of DAEs. 

Roughly speaking, our strategy consists of reducing the perturbed DAEs that we 
consider to Retarded Functional Differential Equations (RFDEs) on an implicitly- 
defined differentiable manifold to which we apply the results of [8] . This approach, 
as it is, involves the computation of the topological degree of a possibly complicated 
tangent vector field. This potential awkwardness is taken care of by the means of 
a formula of [17, Th. 4.1] (Equation (3.1) below) that allows us to replace this 
computation with the more straightforward one of (essentially) the Brouwer degree 
of a map constructed explicitly out of the equation. 

Let g : R fc x R s R s and / : R fc x R s -> R fe be given. Assume / continuous 
and g £ C°°(R fc x R S ,R S ) has the property that d2g(p,q), the partial derivative of 
g with respect to the second variable, is invertible for any (p, q) £ R fe x R s = R". 
We consider the following DAE in semi-explicit form: 



(1.1) 



(1.2) 



g(x,y) = 0, 

and perturb it as follows: 

±(t) = f(x(t), y(t)) + Xh(t, x t ,vt), A > 0, 
g(x(t),y(t)) =0, 

where h: R x BU((-oo, 0], R fe x R s ) ->■ R fe is continuous and T-periodic, T > 
given, in the first variable. Here BU ((— oo, 0], R fc xR s ) denotes the space of bounded 
uniformly continuous (R fe x R s )-valued maps of (— oo,0]. Here, as we will do for 
the remainder of the paper, we have used the following notation: let £: 7 — > K d 
be a function with K 1 an interval such that inf 7 = — oo, and let t £ I. By 
( t : (-oo,0] -)• R d , d > 0, we mean the function defined by 8 H> Ct(^) = + 
According to this notation, (xt, yt) is a map of (— oo, 0] to R fc x R s . 
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The resulting Equation (1.2) is an example of Retarded Functional Differential- 
Algebraic Equation (RFDAE). For A > 0, we are interested in the T-periodic solu- 
tions of (1.2). 

Since d2g(p, q) is invertible for any (p, q) G R k x R s , G R s is a regular value of 
g, and so M := ff _1 (0) is a C°° manifold and a closed subset of R k x R s = R n . This 
is important as we wish to use the results of [8] that depend in an essential manner 
on M being closed. Throughout the paper we will always denote the submanifold 
g _1 (0) ofR k x R s by M. Unless differently stated, the points of M will written as 
pairs (p, q) G M . 

Notice that the Implicit Function Theorem implies that M can be locally repre- 
sented as a graph of some map from an open subset of R k to R s . Thus, in principle, 
Equation (1.2) can be locally decoupled. Globally, however, this might be not the 
case or it could not be convenient to do so (see, e.g. [5, 17]). 

As we shall see, proceeding as in [12, §4.5] (compare also [17]) when (9 2 g(p, ?) 
is invertible for all (p, q) G R k x R s , Equation (1.2) is equivalent to an RFDE on 
M of the form considered in [8]. Some related ideas, in the context of constrained 
mechanical systems, can be found in [14]. In order to obtain information about 
the set of T-periodic solutions of (1.2), we will use the techniques of [8] combined 
with a result of [17] about the degree of the tangent vector field on M induced 
by the unperturbed Equation (1.1). Our aim will be to show the existence of a 
"noncompact branch" of T-periodic solutions of (1.2) emanating from the set of 
the constant solutions of (1.1). Namely, denoted by Cr(K fe x R s ) the Banach 
space of the T-periodic, (R k x M s )-valued functions, we will prove the existence of a 
connected set of triples (A, x, y) G [0, +oo) x Cr(IR fe x R s ), with (x, y) a nonconstant 
T-periodic solution to (1.2), whose closure is noncompact and meets the set of 
constant solutions of (1.1). 

In the last section of this paper, in order to illustrate our results we provide 
some applications to a particular class of implicit retarded functional differential 
equations. 

2. Associated vector Fields and RFDEs on M 

In this section, following [12, Chapter 4, §5] (compare also [17]), we associate to 
(1.2) a RFDE on M = 5" 1 (0). 

We first discuss the notion of solution to a retarded functional DAE of the form 
(1.2). Let f:R k xR s ^ R k and j:K fc xKM R s be given maps with / continuous 
and g G C°°(R k x R S ,R S ) with the property that d 2 g(p,q) is invertible for any 
(p, q) G R k x R s . Given T > 0, consider also a continuous and T-periodic in the 
first variable map h: R x BU((-oo, 0], R k x R s ) ->• R k . A solution of (1.2), for a 
given A > 0, consists of a pair of functions (x, y) G C(I, R k x R s ), / Clan interval 
with inf / = — oo, such that x and y are bounded and uniformly continuous on any 
half-line of the form (— oo, b] with b < sup/, and 

(2.1a) g(x(t),y(t)) = 0, for all t G /, 

and, eventually, 

(2.1b) x(t) = f(x(t),y(t)) + Xh(t, x t ,y t ). 

The latter assertion means that there exists a subinterval J C / with sup J = sup / 
on which (2.1b) holds. Observe that, by the Implicit Function Theorem, y is C 1 
on J. Therefore, a solution of (1.2) is a function ( :— (x, y) which is bounded and 
uniformly continuous on any half-line of the form (—00,6] with b < sup/, and is 
eventually a C 1 function, i.e., ( G C7 1 (J,K fe x R s ). 
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Let us now associate tangent vector fields on M to / and h. Recall that given a 
diffcrcntiable manifold JV C M™, a continuous map w : N — > W l with the property 
that for any p £ N, w(p) belongs to the tangent space T P N to N at p is called a 
tangent vector field on N. Similarly, a time-dependent functional (tangent vector) 
field on N is a map W: M x BU((-oo,0],N) -)■ R k x K s , such that W(t,ip,i>) £ 
T M0) ,^ m N, for all (t, tp, %l>) £ R x BU ((-oo, 0], TV). 

Consider the maps * : M -> M fe x K s and T : R x BU ((-oo, 0], M) ^l fc xl s 
defined as follows: 

(2.2a) *(p, g ) = (/(p, g ),[9 2ff (p, g )]- 1 9 1 .g(p, g )/(p, g )), and 

(2.2b) T(t, V) = (M*> ¥>, VO, - [&fl(v(0), ^(O))]" 1 ^^), V(0))/i(t, ¥>, V)) ■ 

Using the fact that, given a point (p, q) £ M, Ti Ptq \M is the kernel ker d( Pi(? )(7 of 
the differential df p ^g of g at (p,q), it can be easily proved that ^ is tangent to 
M in the sense that ^>(p,q) belongs to T( p q )M for all (p, q) e M (compare, e.g. 
[17]). Similarly, we have that T is tangent to M, in the sense that T(t,ip,tp) £ 
T(tp(o),l>(o))M, for all (t,tp,i()) elx BU((— oo, 0], M). In other words, we see that 
is a tangent vector field, whereas T is a time-dependent functional field on M. 
Since h is assumed T-periodic in the first variable, so is T. Notice that, for any 
A > 0, the map of M x BU ((-oo, 0] , M) in l'xl s , defined by 

[t, V>) ^ * (y(0), V(0)) + AT(t, V) V), 

is a functional tangent vector field as well. 

We claim that (1.2) is equivalent to the following RFDE on M, which keeps 
implicitly account of the algebraic condition g(x,y) = 0: 

(2.3) C(*) = *(C(*))+AT(t,Ct), 

where we have used the compact notation ( t — {x t ,yt), in the sense that ( = (x, y) 
is a solution of (2.3) in an interval 7 C R if and only if so is (x, y) for (1.2). To 
verify the claim, let £ = (a;, y) be a solution of (1.2), defined on I C R. Let J C I 
be a subinterval where (2.1b) holds. By differentiation of the algebraic equation 
g(x(t),y(i)) = 0, one gets 

= d ig {x(t), y{t))x{t) + d 2 g{x{t), y(t))y{t), 

whence 

(2.4) y(t) = [a 2 .g(a;(t), 2/ (t))]- 1 a l5 ( a ;(i),2/(t))[/(x(t),y(t)) + AMi,x t , 2 / t )], 

when t £ J. Hence, the solutions of (1.2) correspond to those of (2.3). The converse 
correspondence is more straightforward and follows from the fact that a solution 
£ = (x,y) of (2.3) defined on an interval I with inf/ = — oo satisfies identically 
(x(t),y(t)) £ M, which implies (2.1), and eventually fulfills 

C(t) = *(C(*))+AT(t,Ct), 
whose first component is (2.1b). 

We now introduce the important technical assumption (K) below on the function 
h. This hypothesis implies a similar property, called condition (H) (discussed e.g. 
in [2]), for the induced vector T on M defined in (2.2b) that plays a central role in 
[8]. This fact allows us to apply the methods of [8] to our situation. 

Throughout this paper, we shall suppose that / is locally Lipschitz and that h 
satisfies the following assumption (K): 
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Definition 2.1. We say that K: R x BU ({-oo, 0], R") ->■ R d satws/ies (iTJ # (/wen 
any compact subset C o/R x BU((— oo, 0], R"), iftere erriste £ > smc/i t/iot 

|£(t, ip) - K{t, $)\ d < (,sn V \<p(t) - 1>(t)\ n , 

t<0 

for all {t, ip) , (t, tp) G C. Here \ ■ \ n and \ ■ \d represent the Euclidean norm in 
R™ and Mr, respectively. Furthermore, we say that condition (K) holds locally 
in R x Bt/((-oo,0],R") if for any (r,n) G R x BU((-oo, 0], R") f/iere e:risfs a 
neighborhood of (t, 77) in which (K) holds. 

It can be proved (see e.g. [2]) that if a functional field on M satisfies (H) locally, 
then any associated initial value problem admits a unique solution. This shows, 
given the equivalence of (1.2) and (2.3), that if / and h satisfy (K) then any initial 
value problem associated to (1.2) has unique initial solution. 

One could show that if (K) is satisfied locally, then it is also satisfied globally. 
However, the local condition is easier to check. It holds, for instance, when K. is C 1 
or, more generally, locally Lipschitz in the second variable. 

The assumption that h satisfies (K) means that for any compact subset C of 
R x BU ((-00, 0], R fe x R s ), there exists a constant I > such that 

\h(t,fi,^i) - h(t,(p2,ip 2 )\k < ^sup (\(pi(t) - ip 2 (t)\ k + \i>i(t) - i>2(t)\ s ) 

t<0 \ ' 

for all (t, ipi, ipi) , (t, <fi2, i>2) S C. Here | • | fc and | • s represent the Euclidean 
norm in R k and R s , respectively. Observe that if /il'xlM R k is a locally 
Lipschitz tangent vector field, and h is a functional field satisfying (K), then for 
any A G [0, +00) the map of Ix BU ((-00, 0], R fe x W) in R fe , given by 

(t, <p, il>) ^ f(<p(0), ^(0)) + Xh(t, v , V), 

verifies (K) as well. 

If *!f and T are the functional fields on M defined in (2.2), it is easy to see that 
for any A G [0, +00) the map of M x BU ((-00, 0], M) in R k x R s , given by 

(t, p, vo 1 y *( V (0), V(0)) + AT(t, V) V), 
verifies the condition (H) discussed in [2, 8]. 

3. The degree of the tangent vector field * 

In this section we introduce some basic notions about the degree of tangent 
vector fields on manifolds. Let iV C I" be a differentiablc manifold. Recall that 
if w: N — > R™ is a tangent vector field on N which is (Frechet) diffcrcntiable at 
p G N and w(p) = 0, then the differential d p w: T p N — > R™ maps T p N into itself 
(sec e.g. [13]), so that, the determinant det d p w of d p w is defined. In the case when 
p is a nondegenerate zero (i.e. d p w: T p N — > R™ is injective), p is an isolated zero 
and det d p w ^ 0. Let W be an open subset of TV in which we assume w admissible 
for the degree, that is we suppose the set w _1 (0) n W is compact. Then, it is 
possible to associate to the pair (w, W) an integer, deg(w, W), called the degree (or 
characteristic) of the vector field w in W (see e.g. [7, 11]), which, roughly speaking, 
counts (algebraically) the zeros of w in W in the sense that when the zeros of w 
are all nondegenerate, then the set w _1 (0) PI W is finite and 

deg(ui, W) = ^ sign det d q w. 

qew- 1 (o)nw 

The concept of degree of a tangent vector field is related to the classical one of 
Brouwer degree (whence its name), but the former notion differs from the latter 
when dealing with manifolds. In particular, the former does not need the orientation 
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of the underlying manifolds. However, when N = R™, the degree of a vector field 
deg(w, W) is essentially the well known Brouwer degree of w on W with respect to 
(recall that in Euclidean spaces vector fields can be regarded as maps). For the 
main properties of the degree we refer e.g. to [7, 11, 13]. 

Let now jiK'xlM W and / : R x R k x R s -> R k be given maps such that 
/ is continuous and g is C°° with the property that d2g(p, q) is invertible for all 
(p, ?)el'x R s . Let * be the tangent vector field on M = .g _1 (0) given by (2.2a). 

A crucial requisite for the remainder of the paper is that the degree of W is 
nonzero. The following consequence of [17, Th. 4.1] (see also [6]) allows us to 
replace this condition with a more manageable one, at least in principle. 

Proposition 3.1. Let F : R k x R s ->■ R fe x R s be given by 

(p,q) !-> (f(p,q),g(p,q)) 

and let V C R fe x W be an open set. Then, if either deg(*, M n V) or deg(F, V) 
is well defined, so is the other, and 

(3.1) \deg(*,MnV)\ = \deg(F,V)\. 

Proof. Follows immediately from Theorem 4.1 in [17] and the excision property. □ 

4. Connected sets of T-periodic solutions 

This section is concerned with the set of periodic solutions to (1.2). As in 
Section 2 we are given maps /: R fe x R s -> R k , g: R k x R s -> R s and h: R x 
B[/((-oo,0],R fc x R s ) -> R k , and we assume that 

(1) / is locally Lipschitz; 

(2) g is C°° and such that dct d 2 g(p, q) ^ for all (p, g) e R fc x R s ; 

(3) ft- satisfies (K) and, given T > 0, is T-periodic with respect to its first 
variable. 

Denote by CV(R fe xR s ) the Banach space of all the continuous T-periodic func- 
tions assuming values in R k x R s with the usual supremum norm. We say that 
(/U>0 G [0, +oo ) x Cr(R fe x R s ) is a T-periodic pair for (1.2) if £ = (a;, y) satisfies 

(1.2) for A = /i. Here, as well as in what follows, the elements of CT(R fc x R s ) will 
be written as pairs whenever convenient. In this way, T-periodic pairs actually will 
be often written as triples. Moreover, given (p, q) e R fe x R s , denote by (p,q) the 
element of CT(R fe x R s ) that is constantly equal to (p, q). A T-periodic pair of the 
form (0,p,q) is called trivial. 

Let F : R fe x R s -> R k x R s be the vector field given by 

(4.1) F(p,q) = (f(p,q),g(p,q)). 

It can be easily verified that (p,q) is a constant solution of (1.2) for A = if and 
only if F(p, q) = (0, 0). Thus, with the above notation, the set of trivial T-periodic 
pairs can be written as 

{(0,p,q) e [0,+oo) x C T (R k xR s ):F(p,q) = (0,0)}. 

The following convention is very handy. Given subsets fi and X of [0, +oo) x 
CT(R fe x R s ) and of R fe x R s , respectively, with fl n X we denote the set of points 
of X that, regarded as constant functions, lie in fl Namely, 

nnx = {( P ,q) e a : (o,j>,Q e fi}. 

The next result provides an insight into the topological structure of the set of 
T-periodic solutions of (1.2). 
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Theorem 4.1. Let f, h and g be as above. Let also F: R k x W ->l l xf 
be defined as in (4.1). Let CI be an open subset of [0,+oo) x C T (M fe x W) and 
Assume that deg (F, CI n (R k x M s )) is well-defined and nonzero. Then, the set 
of nontrivial T-periodic pairs of (1.2), admits a connected subset whose closure in 
CI is noncompact and meets the set of trivial T-periodic pairs in CI, i.e. the set 
{(0,p, q) £ CI : F(p,q) = (0,0)}. Ln particular, the set of T-periodic pairs for (1.2) 
contains a connected component that meets {(0,p, q) £ CI : F(p,q) — (0,0)} and 
whose intersection with Cl is not compact. 

Proof. Let * and T be as in (2.2). Then (1.2) is equivalent to (2.3) on M = # _1 (0). 
Denote by Ct(M) the metric subspace of the Banach space Cr(R fc x M s ), of all the 
continuous T-periodic functions taking values in M. Let also O be the open subset 
of [0, +oo) x C T (M) given by 

o = fin ([o,+oo) x c T (M)). 

Given Y C M, by O n T we mean the set of all those points of Y that, regarded as 
constant functions, lie in O. With this convention one clearly has fi n Y = O f) Y 
and, in particular, il n M = O f) M. This identity and Proposition 3.1 imply that 

deg(*, O n M) — deg(*, O n M) = ± deg (F, Q n (M fe x M s )) ^ 0. 

Thus, Theorem 4.1 in [8] yields the existence of a connected subset A of 

{(A,x,y) £ O : (x, y) is a nonconstant solution of (2.3) }, 

whose closure A in O is not compact and meets the set 

{(O,p,«)e0:*(p,«) = (O,O)}, 

that coincides with {(0,p,q) £ Q : F(p,q) = (0,0)}. 

Clearly, each (A, x,y) £ A is a nontrivial T-periodic pair of (1.2). Since M is 
closed in M. k x K s , it is not difficult to prove that any set which is closed in O is 
closed in too, and vice versa. Thus, A coincides with the closure of A in CI. The 
first part of the assertion follows. 

Let us prove the last part of the assertion. Consider the connected component T 
of the set of T-periodic pairs that contains the connected set A. We shall now show 
that T has the required properties. Clearly, T meets the set {(0,p,q) £ ft : g(p, q) = 
0} because the closure of A in CI does. Moreover, r n Cl cannot be compact, since 
it contains the (noncompact) closure of A in Cl. □ 

Remark 4.2. Let fl be as in Theorem 3.1, and assume that T is a connected com- 
ponent of T-periodic pairs of (1.2) that meets {(0,p,q) £ fl : F(p,q) — (0,0)} 
and whose intersection with CI is not compact. Ascoli's Theorem implies that any 
bounded set of T-periodic pairs is relatively compact. Then, the closed set T can- 
not be both bounded and contained in CI. In particular, if CI is bounded, then T 
necessarily meets the boundary ofCl. 

The following corollary ensures the existence of a Rabinowitz-type branch of 
T-periodic pairs. 

Corollary 4.3. Let f , h and g be as in Theorem 3.1. Let V C R k x W be open and 
assume that deg(T, V) is well defined and nonzero. Then, there exists a connected 
component T of T-periodic pairs of (1.2) that meets the set 

{(0,p,q) £ [0,+oo) x C T (R k x K s ) : (p,q) 6 70^(0,0)} 

and is either unbounded or meets 

{{0,p,q) £ [0,+co)xC T (K fc xt s ) : (p, q) £ T^O, 0) \ V). 
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Proof. Consider the open subset fl of [0, +00) x CV(R fe x K s ) given by 

n = ([0,+oo) x C T (R k x R s ))\ 

\{(0,p,q) e [0,+oo) x C T (R k xl s ) : (p, g) G F _1 (0, 0) \ V^}. 

Clearly, we have (R k x R s ) = V. Hence dcg (F, Qn(M fc xl s )) 7^ 0. Theorem 3.1 
implies the existence of a connected component T of T-periodic pairs of (1.2) that 
meets {(0,p,q) 6 £1 : F(p,q) = 0} and whose intersection with 17 is not compact. 
Because of Remark 4.2, if T is bounded, then it meets the boundary of SI which is 
given by 

{(0,p,q) E [0,+Oo)xC T (R fe xR s ) : (p,q) tEF- 1 (0,0) \V}. 
And the assertion is proved. □ 



Example 4.4. The well-known logistic equation (see, e.g. [3]) 
(4.2) x = ax - fix 2 

is sometimes used as a model for a population x with birth and mortality rate ax 
and fix 2 , respectively. Consider a generalization of (4.2) where the mortality rate 
y is related to the population by the implicit relation g(x,y) = 0. This generalized 
model is expressed by the following DAE: 

x = ax — y, 
g(x,y) = 0. 

If we allow the population's fertility to undergo periodic oscillations — say Xh(t,x t ) 
with A > — depending possibly on the history of the population, the above model 
can be modified into the following RFDAE: 

x(t) = ax(t) - y(t) + Xh(t, x t ), 



f x(t) = ax(t) - y(i 
( ' \ g(x(t),y(t))=0. 



Examples of the perturbation h(t,Xt) can obtained taking inspiration from models 
describing the dynamics of animals populations (see, e.g. [3, A]) in which the delay 
depends on time. 

Here, however, we are interested in Equation (4.3) in itself regardless of its 
biological meaning. In particular, we wish to look at how Theorem 4-1 can be applied 
to it. Notice that it could be impossible to get a biologically relevant result merely 
from such an application. In fact, (4.3) makes sense as a population model only as 
long as x > 0, but there is no guarantee that the x-component of all the solutions 
in the branch of T-periodic pairs provided by this theorem are nonnegative. 

Consider, for instance, the case when a > and g(x,y) = y 3 + y — x 5 . Let 
il = [0,+co) x Cr(IR fe x R s ). The map F defined in (4.1) is given by F(x,y) = 
(ax — y,y 3 + y — x 5 ), and a simple direct computation shows that 11 n F _1 (0, 0) 
consists of the singleton {(0,0)} and that dcg(_F, finR 2 ) = — 1. Hence, Theorem 4-1 
yields an unbounded connected component of periodic 2ir-periodic pairs emanating 
from the trivial 2n -periodic pair (0, 0, 0). 

5. An application 

This section is primarily intended as an illustration of our main result Theorem 
4.1. For this reason we will not pursue maximal generality but restrict ourselves to 
simple situations. Below, we consider retarded periodic perturbations of a particu- 
lar class of implicit ordinary differential equations. Namely, we study equations of 
the following form: 

(5.1) Ei(t) = F(x(t)) + XH(t, x t ), A > 0, 
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where E: R" -> R n is a linear endomorphism of M", T : M™ -> R" and "H : R x 
((— oo, 0], R n ) — > R™ are continuous maps with T locally Lipschitz and H verifies 
condition (K). 

Equation (5.1), when A = 0, is quite a particular case of semi-linear DAE (see 
e.g. [15] and references therein). Such equations, even in the further particular case 
when T is linear, have some practical interest. In fact, they can be used to model 
such things as electrical circuits or chemical reactions (see e.g. [16]). Our approach 
here is inspired to that of [12, 15] for the linear, constant coefficients, case. 

We will show how, in some circumstances, (5.1) can be transformed into a 
RFDAE of type (1.2) by the means of relatively simple linear transformations. 
We will apply the results of the previous section to the resulting RFDAE. A first 
example of the above mentioned transformation is considered in the following re- 
mark: 

Remark 5.1. Consider Equation (5.1) and let r > be the rank of E. Assume 
that there exists a orthogonal basis of W x R"~ r with respect to which E can be 
written in the following block form: 

(5.2a) E ~ ^j 1 , with E n e R rxr invertible and E 12 E R rx( "- r) . 

Assume also that in this basis H has, with a slight abuse of notation, the following 
form: 



(5.2b) H(t, if) = j^ 1 ^' ^ , with Hi: M. x BU ((-co, 0], I 



In R" ~ R r x M"- r put x = (£, n) and let J E :R r x R"~ r -> R r x R"- r be the 
linear transformation represented by the following block matrix: 

E X1 — E^ 1 E 12 
/ 

Let (x, y) = if), and let rf) and J-2(£, rf) denote the projection ofT(£, rf) 

onto the first and second factor, respectively, of W x R™~ r . Then, in the new 
variables x and y Equation (5.1) becomes, with a slight abuse of notation, 

EJ E ('') = P ' + x (U ] {t.J E { 

or, equivalently, 
(5.3) 



yj \^2{JE{x,y)) ) \ 



xj= Fi{x,y) + XHi(t,x t ,y t ), 
F 2 {x,y) = Q, 



where 7^(x,y) = Ti{JE{x, yj), i = 1,2, and H\{t,ip) = H\{t,JE ° f) , for any 
(t,<p) £ Rx5[/((-oo,0],R n ). Furthermore, since H satisfies (K), it is not difficult 
to prove that Hi satisfies (K) as well. 

Example 5.2. Consider the following DAE in R 2 x R 3 ; 

■62 +V = £2, 

(5-4) < & = + 




which can be written as the implicit ODE below where x = (£i,£2,??) 
(5.5) £x = J-(x), 
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where E is the endomorphism of Mr xl represented by the block matrix 



1 


1 




1 

















2, »? 


) = 


(6 


i R 2 


X 


R n 



and T: R -x R 3 is gwen by J"(£i, £ 2 , rj) = (£ 2 , -£i + £ 2 + ??, ?7 + »? + 6)- £ei J £ 
&e i/ie linear transformation of R 3 ~ R 2 xl represented by the block matrix 



■ 


1 







-1 




v 





1 — 



and put (xi,x 2 ,y) = (£i,£2,??)- One has that 

J 7 (j E {xi,x 2 ,y)) = (xi -x 2 -y, {xi - x 2 - yf + y - x 2 ,y 3 + y + x 2 ), 

As in Remark 5.1, for £ = (£i,£ 2 ), let rf) and ^(C) 7 ?) denote the projection 
o/.F(£, 17) onto the first and second factor, respectively, 0/R 2 x M. Put also 

Ti{x, y) = Fi(j E {x,y)), i = l,2, 
where x — {x\,x 2 ). Proceeding as in Remark 5.1, we transform Equation (5.4) into 

\ F2{x,y) = 0, 

that can be written more explicitly as follows: 

xi = xi - x 2 - y, 
x 2 = {xi - x 2 + y) 2 + y - x 2 , 
y 3 + y + x 2 = 0. 

Theorem 4.1 combined with the above Remark 5.1, yields Proposition 5.3 below 
concerning the set of T-periodic solutions of (5.1). We use here the convention on 
the subsets of [0, +00) x Cr(lR r x R"~ r ) introduced in section 4. We also need to 
introduce some further notation. 

A pair (A, x) £ [0, +00) x Ct(R") is a T-periodic pair for (5.1) if x is a solution of 

(5.1) corresponding to A. A T-periodic pair (0, x) for (5.1) is trivial if x is constant. 

Proposition 5.3. Consider Equation (5.1) where E: 1™ — > K™ is linear, T : M™ — x 
R" and H:Mx BU((— 00, 0], R n ) — X M™ are continuous maps such that T is lo- 
cally Lipschitz and H verifies condition (K) and is T-periodic in the first variable. 
Assume, as in Remark 5.1, that r > is the rank of E and that there exists an 
orthogonal basis of R™ ~ R r x R™~ r such that E and T-L can be represented as in 

(5.2) . Relatively to this decomposition 0/R 2 suppose that 82^2(^,1]) * s invertible 
for all (£,r)) G R r x R"- r . 

Let il be an open subset of [0, +00) x Ct(R") and suppose that dcg(J r , O n R") 
is well-defined and nonzero. Then, there exists a connected subset V of nontrivial 
T-periodic pairs for (5.1) whose closure in VL is noncompact and meets the set 
{(0,p)efi:J(p)=0}. 

Proof. Let Je be the linear transformation introduced in Remark 5.1, and consider 
the map Je : [0, +00) x C T (R") -X [0, +00) x C T (R") given by 

Je(A, V) = (A, Je ° V0- 

Observe that since Je is invertible, J E is continuous and invertible, with J E 
given by Je (A, ip) = (A, Je 1 "0) and, hence, continuous. With the convention 
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on the subsets of [0, +00) x Cr(R n ) introduced in section 4, we have 

JiT 1 ^) nR" = J E ~ 1 (S^ n R n ). 

According to Remark 5.1, under our assumptions Equation (5.1) is equivalent 
to the RFDAE (5.3). We now show that Theorem 4.1 can be applied to Equation 
(5.3). Define f: K™ -> R™ by .F(p) = (.Fi(p) , -F 2 (p)) = T(J E (v))- The property 
of invariance under diffeormorphism of the degree (also called topological invariance, 
see e.g. [7]) yields 

deg [T, SI n R") = deg (j E ^ o T o J e , J E \Sl n R n )) 
(5-6) _ 

= deg ( Je' 1 o T, J e (fi)nR"). 

Also, it is not difficult to show that 

(5.7) deg (Je- 1 o .F, S _1 (fi) n R") = signdet( J E ) deg (F, J^T^O) n R"), 
so that, being deg (J 7 , fi nR") nonzero by assumption, (5.6)-(5.7) yield 

deg(.F,j£ _1 (r!)nR") ^0. 

Hence, Theorem 4.1 yields a connected set 3 C J E (SI) of T-periodic pairs of (5.3) 
whose closure in Je (SI) is noncompact and meets the set 

{(0,p)€ Je' 1 (SI): F(p)=0}. 

Since Jb is a homeomorphism, it is not difficult to show that V = Je(S) has the 
required properties. □ 

Example 5.4. Let M:Rx BU((- 00, 0], R 3 ) -> R 3 6e as in (5.2b) with r = 2. 
Assume also that % is T-periodic continuous in the first variable. Consider the 
retarded perturbation XH(t,£ t ) of Equation (5.4) in Example 5.2. Namely, 

Ex(t) = F(x(i)) +\H(t,x t ), 

where, using the same notation of Example 5.2, we put x = (£i,£2,??)- Take SI = 
[0,+oo) x C T (R 2 x R). Observe that T"" 1 (0,0,0) = {(0,0,0)} so that the degree of 
T in SI n R 3 is well-defined. A simple computation shows that deg (J 7 , SI n R 3 ) = 
deg (J", R 3 ) = — 1. Thus, Proposition 5.3 yields the existence of a connected subset of 
nontrivial T-periodic pairs for the above equation whose closure in SI is noncompact 
and meets the set 

{(0,p) 6 SI : J-(p) = 0} = {(0,0,0,0) e si}. 

Observe that Proposition 5.3 seems to impose some rather severe constraints 
on the form of E and T-L in Equation (5.1). In fact, with the help of some linear 
transformation, one can sometimes lift these restrictions. This is the case when the 
perturbing term T-L has a particular 'separated variables' form that agrees with E 
in the sense of Equation (5.9) below. Namely, we consider the following equation: 

(5.8) E±(t) = F(x(t)) + XC(t)S(x t ), 

where C: R -> R nx ™, S: BU ((—00, 0], R") -> R™ are continuous maps, £ is a 
(constant) nxn matrix, and T is as in Equation (5.1). We also assume that C and 
E agree in the following sense: 

(5.9) ker C T (t) = kcr E T ,Vte R, and dimkcr E T > 0, 
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As a consequence of the well-known Rouche-Capelli Theorem we get 
n — rank E = n — rank E T = dim kcr E T = 

= dimker C(t) T = n- rank C{t) T = n- rank C(t). 

Thus, we have that 

(5.10) rank E = rank C(t) is constant and greater than for all igt. 

This is a singular value decomposition (see, e.g., [10]) argument based on the fol- 
lowing technical result from linear algebra: 

Lemma 5.5. Let E G R nxn and C G C(K,M nx ") be as in (5.9). Put r = rank E, 
and let P,QG R nxn be orthogonal matrices that realize a singular value decompo- 
sition for E. Then it follows that 



Cn(t) 




(5.11) PC{t)Q T 
with C n G C(lR,]R rxr ) mvertible for any t G 



Vt G 



We will provide a proof for Lemma 5.5 for the sake of completeness but, before 
doing that, we show how it can be used to convert Equation (5.8) into (5.1). We 
begin with an example. 



Example 5.6. Consider Equation (5.8) with 

/0 2 

1 







E 







where, for any t G 





V 



C(t) 



(c{t) 



V o 





c(t) 





o \ 



d(t)J 



I, c{t) = sin(i) + 2 and d(t) = cos(t) + 3. It can be easily verified 
that, with this choice of E and C, (5.9) is satisfied. Here, clearly, r — 3 and n = 4. 
Consider the following orthogonal matrices 



P = 



that realize a singular value decomposition for E, that is, in block-matrix form in 



(0 


1 









(I 








o\ 


1 











and Q = 





1 

















1 











1 


\o 





1 






V° 





1 


0/ 



PEQ 1 



( 1 





\ 








and PC(t)Q T = 



J 






c(t) 








c(t) 

















d(t) 


















Let us consider the orthogonal change of coordinates x = Q T x. Multiplying (5.8) 
by P on the left we get the following equivalent equation: 

(5.12) PEQ T x(t) = PT(Q T x(t)) + XPC{t)Q T QS(Q T x t ). 

Set E = PEQ T , T(x) = PT(Q T x) for all x G 
PC(t)Q T QS(Q T (p) for all (t, ip) G RxBU((-oo, 0] 
ten as 

Ex(t) =T{x(t))+XH(t,x t ). 

It is easily verified that E andH satisfy (5.2), so that (5.12) is precisely of the form 
(5.1). In other words, we have transformed (5.8), for E and C as above, into an 
equation of the form considered in Proposition 5.3. 



A , and finally, put H(t,tp) = 
I 4 ). Thus (5.12) can be rewrit- 
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Let us now consider Equation (5.8) more in general. Let r > be the rank of 
E, and assume that (5.9) is satisfied. Then Lemma 5.5 yields orthogonal matrices 
P and Q in R nxn such that, for every t G R, PC(t)Q T is as in (5.11) and realize a 
singular value decomposition of E. That is 

(5.13) PEQ T ={^ I 

where En G R rxr is a diagonal matrix with positive diagonal elements. As in the 
above example, consider the orthogonal change of coordinates x = Q T x in Equation 
(5.8) and multiply by P on the left. We get the equivalent equation 

(5.14) Ex(t) = F(x{t)) + XH(t, x t ). 

where E, f and U arc given by E = PEQ T , f(x) = PF{Q T x) for all x G R™, and 
H(t,<p) = PC(t)Q T QS{Q T tp) for all (t,ip) elx B£/((-oo,0],R"). A straightfor- 
ward computation shows that E and % satisfy conditions (5.2). Therefore, (5.14) 
is of the form considered in Proposition 5.3 from which we deduce the following 
consequence: 



Corollary 5.7. Consider Equation (5.8) where the maps C : R — > 
S: BU((-oo,0],R n ) -> R" are continuous, E is a (constant) n x n matrix, and J- 
is such that T is locally Lipschitz and S verifies condition (K). Suppose also that 
C and E satisfy (5.9) and that C is T -periodic. Let r > be the rank of E and 
assume that there exists an orthogonal basis of R™ ~ W x M n_r such that E is as 
in (5.2). Assume also that, relatively to this decomposition, c^-^^i ??) is invertible 
for allx = (£,r)) G M r x M"- r . 

Let be an open subset of [0,+oo) x Ct^ 1 ) and suppose that deg(J-", fi flR") 
is well-defined and nonzero. Then, there exists a connected subset T of nontrivial 
T-periodic pairs for (5.8) whose closure in Q is noncompact and meets the set 
{(0,p)efi:7(p)=0}. 

Proof. Consider the map Q: [0, +oo) x C T (K") [0, +oo) x C T (R") given by 
Q(X,tp) = (\,Qip). Clearly, T-periodic pairs of (5.8) correspond to those of (5.14) 
under Q. The invariance under diffcomorphisms of the degree (or topological in- 
variance, compare e.g. [7]) implies 

deg (T, Q(Cl) n R") ^0. 
The assertion follows immediately applying Proposition 5.3 to Equation (5.14). □ 

We conclude this section with a proof of our technical Lemma. 

Proof of Lemma 5.5. Since the dimension of kerC(t) is constantly equal to r > 0, 
by inspection of the proof of Theorem 3.9 of [12, Chapter 3, §1] we get the existence 
of orthogonal matrix-valued functions U,V G C(R,M™ >< ") and C r G C(R,M rxr ) 
such that, for all t G R, det C r (t) ^ and 

(5.15) U T (t)C(t)V(t) = ^ f 

Let U r ,V r G C(R,M™ xr ) and U ,V G C(R, R n *( n - r )) be matrix-valued func- 
tions formed, respectively, by the first r and n — r columns of U and V. A simple 
argument involving Equation (5.15) shows that the columns of Vo(t), t G R, are 
in kerC(i) and, since there are n — r = dimkerC(t) of them, we have that the 
columns of Vo(t) actually span kerC(i). In fact, the orthogonality of the matrix 
V(t), teR, imply that the columns of Vo(t) form an orthogonal basis of ker C(t). A 
similar argument proves that the columns of Uo(t) are vectors of R" that constitute 
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an orthogonal basis of ker C(t) T for all ( e M. Observe also that since imC(t) is 
orthogonal to ker C(t) T for all t G M, it follows that the columns of U r (t) are an 
orthogonal basis for imC(i) and that those of V r (t) so are for imC(£) T . 

Similarly, let P r ,Q r and Po,Qo be the matrices formed taking the first r and 
n — r columns of P and Q, respectively. Since P and Q realize a singular value 
decomposition of E, one can check that the columns of P r , Q r , Pq and Qo span 
imE, imE T , ker E T , and kerE, respectively. 

We claim that PgU r (t) is constantly the null matrix. To prove this, it is enough 
to show that for all tel, the columns of Po are orthogonal to those of U r (t). Let v 
and u(t), t S 1, be any column of Po and of U r (t), respectively. Since for all £ G R 
the columns of U r (t) are in imC(£), there is a vector w{t) G R n with the property 
that u(t) = C(t)w(t), and 

(v, u(t)) = (v, C{t)w(t)) = (C(t) T v, w(t)) = 0, £ G R, 

because v G kerE T = ker C(t) T for all £ G R. This proves the claim. A similar 
argument shows that also PjUo(t), V r r T (£)Qo, and V^(t)Q r are also identically zero. 
Since for all t G R 

are nonsingular, we deduce in particular that so are PjU r {t) and V r (t) T Q r . 

Let us compute the matrix product P T C(t)Q for all tel. We omit here, for 
the sake of simplicity, the explicit dependence on t. 



fp T u r o \ /a 0\ (V T < 

P 1 CQ = P 1 UU 1 CVV 1 Q = ( \ r pT( 1 ' ' w ' 

P^U r C r V r T Q r 




o p^Uoj \o oj \ o y j 



Which proves the assertion because PjU r , C r , and V^, r Q r are nonsingular. □ 

References 

[1] P. Benevieri, A. Calamai, M. Furi and M. P. Pera, Delay differential equations on manifolds 
and applications to motion problems for forced constrained systems, Z. Anal. Anwend. 28 
(2009), no. 4, 451-474. 

[2] P. Benevieri, A. Calamai, M. Furi and M. P. Pera, On General Properties of Retarded Func- 
tional Differential Equations on Manifolds, in preparation 

[3] F. Brauer and C. Castillo-Chavez, Mathematical Models in Population Biology and Epidemi- 
ology, Springer- Verlag, Texts in Applied Mathematics vol. 40, 2000. 

[4] T. A. Burton, Stability by Fixed Point for Functional Differential Equations, Dover Publica- 
tions, 2006. 

[5] A. Calamai, Branches of harmonic solutions for a class of periodic differential-algebraic 

equations, to appear in Comm. Appl. Analysis. 
[6] A. Calamai and M. Spadini, Branches of forced oscillations for a class of constrained ODEs: 

a topological approach, submitted. 
[7] M. Furi, M. P. Pera and M. Spadini, The fixed point index of the Poincare operator on 

differentiable manifolds, Handbook of topological fixed point theory, Brown R. F., Furi M., 

Goniewicz L., Jiang B. (Eds.), Spingcr, 2005. 
[8] M. Furi, M. P. Pera and M. Spadini, Periodic solutions of functional differential perturbations 

of autonomous differential equations on manifolds, to appear in Comm. Appl. Analysis. 
[9] M. Furi and M. Spadini, On the set of harmonic solutions of periodically perturbed au- 
tonomous differential equations on manifolds, Nonlinear Anal. Vol. 29 (1997), no. 8, 963-970. 
[10] G. H. Golub and C. F. Van Loan, Matrix computations, 3 rd edition, J. Hopkins Univ. Press, 

Baltimore 1996. 

[11] V. Guillcmin and A. Pollack, Differential- Topology, Prentice-Hall Inc., Englewood Cliffs, New 
Jersey, 1974. 

[12] P. Kunkel and V. Mehrmann, Differential- Algebraic Equations: Analysis and Numerical 
Solution, EMS Textbooks in Mathematics, 2006. 



14 



LUCA BISCONTI AND MARCO SPADINI 



[13] J. W. Milnor, Topology from the differentiable viewpoint, Univ. press of Virginia, Char- 
lottesville, 1965. 

[14] P. J. Rabier and W. C. Rheinbolt, Nonholonomic Motion of Rigid Mechanical Systems from 
a DAE Wiewpoint. SIAM, Philadephia, 2000. 

[15] P. J. Rabier and W. C. Rheinbolt, Theoretical and numerical analysis of differential- algebraic 
equations, Handbook of Numerical Analysis Volume 8, 2002, Pages 183-540, Solution of 
Equations in R n (Part 4), Techniques of Scientific Computing (Part4), Numerical Methods 
for Fluids (Part 2). Editors P. G. Ciarlet and J. L. Lions. Elsevier Science, 2002. 

[16] S. Schulz, Four Lectures on Differential-Algebraic Equations, Univ. of Auckland, Department 
of Mathematics - Research Reports-497 (2003). 

[17] M. Spadini, A note on topological methods for a class of Differential-Algebraic Equations, 
Nonlinear Anal. 73 (2010), no. 4, 1065-1076. 

(L. Bisconti, M. Spadini) Dipartimento di Sistemi e Informatica, Universita di Firenze, 
Via Santa Marta 3, 50139 Firenze, Italy 



Addendum to: On a class of 
differential-algebraic equations with infinite 

delay 

Luca Bisconti* Marco Spading 



Abstract 

We present here a corrected version of Lemma 5.5 and Corollary 
5.7 of EJQTDE 2011, No. 81. 

1 Introduction 

In Section 5 of [1J we investigated examples of applications of that paper's 
results to a particular class of implicit differential equations. For so doing we 
used a technical lemma from linear algebra that, unfortunately, turns out to 
be flawed. As briefly discussed below this affects only marginally our paper's 
results (just a corollary in Section 5 of [1]). 

The simple example below shows that there is something wrong with 
Lemma 5.5 in [TJ. In the next section we provide an amended version of this 
result. 

Example 1.1. Consider the matrices 

E= (o o)' c= (o 
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Clearly, ker C T = ker E T = span{( J)} for all tel. T/ie matrices 

*-G ;)■ «-(! 

realize a singular value decomposition for E. Nevertheless 

"<*-(JS) 

which is not the form expected from Lemma 5.5 in FT]/. The problem, as it 
turns out, is that kerC 7^ keri?. 

Luckily, the impact of the wrong statement of pfl Lemma 5.5] on [1] 
is minor: all results and examples (besides Lemma 5.5, of course) remain 
correct, with the exception of Corollary 5.7 where it is necessary to assume 
the following further hypothesis: 

ker C{t) = ker E, Vt G R. 

(A corrected statement of Corollary 5.7 of [T] can be found in the next section, 
Corollary E2J) 

2 Corrected Lemma and its consequences 

We present here a corrected version of Lemma 5.5 in [I]. 

Lemma 2.1. Let E G R nxra and C G C(R,R nxn ) be respectively a matrix 
and a matrix-valued function such that 

ker C T (t) = ker E T , Vt G R, and dim ker £ T > 0, (2.1) 

Pwt r = rank E 1 , end let P,Q G R nxn fre orthogonal matrices that realize a 
singular value decomposition for E. Then it follows that 

P T C(t)Q = ( dn ® } Vt G R, (2.2) 

taitfi Cn G C(R,R rxr ) and C? la G C(R,R rxn ). 
If, furthermore, 

ker C(t) = ker E, Vt G R, (2.3) 
i/ien Ci2(t) = 0. Namely, in this case, 

P T C(t)Q=( C ^ WGR, (2.4) 

wzt/i Cn(t) nonsingular for all t G R. 
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Proof. Our proof is essentially a singular value decomposition (see, e.g., [2]) 
argument, based on a technical result from [3J. 

Observe that (12.11) imply ranki? = rankC(t) = r > for all t G R. In 
fact, 

rank E = rank P T = n — dim ker P T = 

= n- dimkerC(t) r = rankC(t) T = rank C(t). 

Since rankC(t) is constantly equal to r > 0, by inspection of the proof of 
Theorem 3.9 of J3J Chapter 3, §1] we get the existence of orthogonal matrix- 
valued functions U, V E C(R,R nxn ) and C r E C(R,R rxr ) such that, for all 
t E R, detC r (£) ^ and 

U T (t)C(t)V(t)=( C f °). (2.5) 

Let U r ,V r E C(R,R nxr ) and U ,V E C(R, R nx ( n " r )) be matrix-valued 
functions formed, respectively, by the first r and n — r columns of U and 
V. An argument involving Equation (12. 5p shows that, for all i G I, the 
space imC(£) is spanned by the columns of U r (t). Also, (12. 5 p imply that the 
columns of Vo(t), t G R, belong to ker C(t) for all t E R. A dimensional argu- 
ment shows that they constitute a basis kerC(t). Analogously, transposing 
(12. 5p . we see that the columns of V r (t) and Uo(t) are bases of imC(t) T and 
kerC(t) T respectivelyJl] 

Let now P r , Q r and Pq, Qq be the matrices formed taking the first r and 
n—r columns of P and Q, respectively. Since P and Q realize a singular value 
decomposition of E, proceeding as above one can check that the columns of 
P r , Q r , Po and Qo span imE, imE T , ker E T , and keri?, respectively. 

We claim that P^Urit) is constantly the null matrix in ]R( n ~ r ) xr . To prove 
this, it is enough to show that for all t G R, the columns of Po are orthogonal 
to those of U r (t). Let v and u(t), t E R, be any column of P and of U r (t), 
respectively. Since for all t G R the columns of U r (t) are in imC(t), there is 
a vector w(t) E R n with the property that u(t) = C(t)w(t), and 

(t,, u (t)) = (v, C(t)w(t)} = (C(t) T v, w(t)) = 0, Vt G R, 

because v E ker E T = kerC(t) T for all t G R. This proves the claim. A 
similar argument shows that PjU^t) is identically zero as well. 

1 In fact, the orthogonality of the matrices V(t) and U{t) for all t £ R, imply that 
the columns of U r (t), V r (t), Uo(t) and Vo(t) are respective orthogonal bases of the spaces 
imC(t), imC(t) T , kerC(i) T and kevC{t). 
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Since for all t G R 



is nonsingular, we deduce in particular that so is PjU r {t). 

Let us compute the matrix product P T C(t)Q for all t G R. We omit here, 
for the sake of simplicity, the explicit dependence on t. 

P^CQ = PWCV^Q = (« ^) g£ 

PjXJ r C r VjQ r P?U r C r V r T Q 


which proves (12. 2p . 

Let us now assume that also (12. 3p holds. We claim that in this case VqQ t 
is identically zero. To see this we proceed as done above for the products 
Pq U r and P^Uq. Let v(t), t G R, be any column of Vo(t), hence a vector of 
kerC(t) for all t G R, and let g be a column of Q r {t). Since the columns of 
Q r lie in imi? T , there is a vector I G R n with the property that q = E T £, 
and 

(v(t),q) = (v(t),E T £) = (Ev(t),£) = 0, Vt G R, 

because v(t) G kerC(i) = kerE" for all t 6 1. This proves the claim. A 
similar argument shows that V r T Qo(t) is identically zero as well. Hence, 



V{t) T Q 



V r (t) T Q r 

V (t) T Q 



thus V r T (t)Q , and V^(t)Q r are nonsingular. Also, plugging VqQ t = in the 
above expression for P T CQ one gets (we omit again the explicit dependence 
on t) 

'Pj\J r C r V?Q r 



P 1 CQ= p url J'' ^ jjj. (2.6) 

Which proves the assertion because PjUr, C r , and V r T Q r are nonsingular. □ 

In view of the corrected version of the above lemma, the statement of 
Corollary 5.7 of pQ can be rewritten as follows: 

Corollary 2.2. Consider Equation 

E±(t) = J-(x(t)) + AC(t)S(x t ), (2.7) 
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where the maps C: R — > R nxn and S: BU((— oo, 0], R") — > R n are contin- 
uous, E is a (constant) n x n matrix, J 7 is locally Lipschitz and S verifies 
condition (K) in fl^. Suppose also that C and E satisfy (12. ip and (12. 3p . and 
that C is T -periodic. Let r > be the rank of E and assume that there exists 
an orthogonal basis of R n ~ W x R n ~ r such that E has the form 

E ~ r^j 1 ^ , mft £ n G R rxr invertible and E 12 G W x ^ n ~ r l 

Assume also that, relatively to this decomposition of~R n , t^J^t^, ? ?) ^ s invert- 
ible for all x = (f , 77) G R r x R n " r . 

Lei f2 6e an open subset of [0, +00) x Cy(R n ) and suppose that deg(J r , fin 
R n ) zs well-defined and nonzero. Then, there exists a connected subset T of 
nontrivial T-periodic pairs for (12. 7p whose closure in Q is noncompact and 
meets the set {(0,p) G fi : ^(p) = 0}. 

This result follows as in [I] taking into account the modified version of 
the lemma. 
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